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Abstrat. We investigate the idea that the eet of the trunation applied in the TCSA method
on the spetrum oinides with the eet of a suitable hanging of the oeients of the terms
in the Hamiltonian operator. The investigation is done in the ase of the ritial Ising model
on a strip with an external magneti eld on one of the boundaries. A detailed quantum eld
theoretial desription of this model is also given, and we propose a desription as a perturbation
of the innite oupling limit. The investigation is also arried out for a trunation method whih
preserves the solvability of the model. The results of perturbative and numerial alulations pre-
sented support the above idea and show that the qualitative behaviour of the trunated spetrum
as a funtion of the oupling onstant depends on the trunation method.
Keywords: integrable quantum eld theory, onformal eld theory, nite-size saling, renormal-
ization group
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1 Introdution
The main subjet of this paper is an investigation of the TCSA (trunated onformal spae
approah) method, whih is a numerial method introdued in [1℄ for the alulation of the
spetra and eigenvetors of Hamiltonian operators of perturbed onformal eld theories in
nite volume in two spaetime dimensions. The Hamiltonian operators of these theories
have the formH = H0+HI , where H0 has a known disrete spetrum. The method onsists
in (numerially) diagonalizing the nite matrix HTCSA(nc) = P (nc)(H0+HI)P (nc), where
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P (nc) is the projetion on the subspae spanned by the eigenstates of H0 belonging to the
lowest nc+1 energy levels, and nc is the trunation parameter. This gives an approximation
to the eigenvalues and eigenvetors of H .
The uses of the data obtained by TCSA inlude the veriation of results obtained by
other methods, for example in [2℄, the extration of resonane widths [3℄, the mapping
of the phase struture of ertain quantum eld theories as in [4, 5℄, and the nding of
renormalization group ow xed points as in [6℄. Our investigation is related to the use of
TCSA for the study of boundary renormalization group ows (i.e. of ows generated by
boundary perturbations) between minimal boundary onformal eld theories dened on
the strip [0, L]×R. A brief review of the areas where boundary onformal eld theory and
ows between them play important role an be found in [7℄.
By boundary ow we mean a one-parameter family of models, the parameter being
the width (or 'volume') L of the strip. In the simplest ase the parameter an be taken
to be a oupling onstant h instead of L and the models have the Hamiltonian operators
H = H0 + hHI . H0 is the Hamiltonian operator of a boundary onformal eld theory, h is
allowed to vary from 0 to ∞ or from 0 to −∞. HI is a relevant boundary eld taken at a
ertain initial time.
A partiular problem of interest is that of nding values of h other than 0, alled
xed points, where the model orresponding to H0 + hHI is a onformal eld theory, and
identifying these onformal eld theories. The TCSA an be used for this purpose if the
Hilbert spae of the onformal eld theory orresponding to h = 0 onsists of nitely
many (or ountably many) irreduible representations of the Virasoro algebra. Boundary
onformal minimal models satisfy this ondition. We refer the reader to [8, 9, 10, 11, 6℄ for
boundary ows and the appliation of the TCSA to study them.
Regarding the spetra at nonzero values of h, onformal symmetry an be reognized
by the equal distanes between neighbouring energy levels; the representation ontent an
be identied by the degeneray of the energy levels. It should be noted that perturbation
theory and other methods an also be used (see e.g. [7, 13, 14, 15, 16, 17℄) to explore ows.
An important problem regarding the TCSA is that it gives approximate data, and our
knowledge of the preise relation between this data and the exat spetrum is still limited
(see [18℄ for already existing results). A good understanding of the eet of the trunation
ould be used to improve the TCSA data and to explain the qualitative features of TCSA
pitures of ows, and generally it would make the results obtained using TCSA data better
founded.
An idea proposed by G.M.T. Watts and K. Graham [19, 20℄ reently is that the eet
of the trunation on the spetrum is equivalent to a suitable hange of the oeients of
the terms in H , i.e. the spetrum of HTCSA(h, nc) is equal, in an approximation at least,
to the spetrum of
Hr(h, nc) = s0(h, nc)H0 + s1(h, nc)HI + s2(h, nc)HI,2 + . . . , (1)
whih we shall all renormalized Hamiltonian operator. s0, s1, . . . are suitable funtions
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and HI,2, . . . are suitable operators. HI,2, . . . should be primary or desendant bulk or
boundary operators. Our main purpose in this paper is to investigate the validity of this
piture.
We do this investigation in the ase of a relatively simple model: the perturbed bound-
ary onformal eld theory on the strip [0, L]× R with Hamiltonian operator
H =
π
L
L0 + hL
−1/2φ1/2(x = L, t = 0) . (2)
The unperturbed (h = 0) model is the c = 1/2 unitary onformal minimal model, i.e. the
ontinuum limit of the ritial Ising model, with the Cardy boundary ondition 0 on the
left and 1/16 on the right. π
L
L0 is the Hamiltonian operator of this model. L0 is the 'zero
index' Virasoro generator. L will be kept xed at the value L = 1. The Hilbert spae of the
unperturbed model is the single c = 1/2, h = 1/16 irreduible highest weight representation
of the Virasoro algebra. (Here and later on the oupling onstant and the highest weight
are both denoted by h, but it should be lear from the ontext whih one is meant.) The
eld φ1/2(L, t) is the weight 1/2 boundary primary eld on the right boundary, whih is
also known in the literature as the boundary spin operator [21, 22, 23℄. The oupling
onstant h an also be regarded as a onstant external boundary magneti eld, whih is
oupled to the boundary spin operator. The model (2) is also referred to as the ritial
Ising model on the strip with boundary magneti eld. The perturbation hφ1/2(L, t = 0)
violates the onformal symmetry, whih is nevertheless restored in the h → ±∞ limit. It
is known that in the h → ∞ limit the c = 1/2, h = 1/2 representation is realized; in the
h→ −∞ limit the c = 1/2, h = 0 representation is realized (see e.g. [13, 14, 23, 24℄). This
an be written in a shorthand form as
(1/2, 1/16) + φ1/2 → (1/2, 1/2) (3)
(1/2, 1/16)− φ1/2 → (1/2, 0) . (4)
We have hosen the model (2) beause it is integrable, furthermore it is relatively easy
to handle; in partiular the spetrum an be alulated analytially in terms of simple
funtions and the appliation of Rayleigh-Shrödinger perturbation theory is also relatively
easy. Investigations in other perturbed onformal minimal models, espeially in the ase
of the triritial Ising model and generally in the ase of a perturbation by the eld φ(13),
are arried out in [25℄ (see also [20℄).
It should be noted that the Ising model with boundary magneti eld has been studied
muh, espeially on the lattie and on the half-line. We refer the reader to [12, 23, 26, 27℄
and the referenes in them for further information.
To reognize onformal symmetry and to identify the representation ontent it is suf-
ient to look at the ratios of the energy gaps; therefore one often onsiders normalized
spetra whih are obtained by subtrating the ground state energy and dividing by the low-
est energy gap. The normalized exat and TCSA spetra for the ows (3), (4) as a funtion
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of the logarithm of h an be seen in Figure 8. An interesting feature of these TCSA spe-
tra is that they appear to orrespond to the ows (1/2, 1/16) → (1/2, 1/2)→ (1/2, 1/16)
and (1/2, 1/16) → (1/2, 0) → (1/2, 1/16), i.e. seond ows appear to be present after
the normal ows. Flows in other minimal models also show this behaviour [20, 25℄. One
appliation of the piture (1) ould be the explanation of this phenomenon.
Following Watts' proposal based on the look of the TCSA spetra shown in Figure 8
we assume that only the rst two terms are nonzero in (1):
Hr(h, nc) = s0(h, nc)H0 + s1(h, nc)HI . (5)
In summary, we look for answers for the following questions: 1. Does the spetrum of
(5) agree with the TCSA spetrum in some approximation with a suitable hoie of the
funtions s0 and s1? 2. How an we explain the 'seond' ows in the TCSA spetra?
We determine the exat spetrum of (2) using an essentially known (see e.g. [23, 26, 27,
28, 29, 30℄) quantum eld theoreti representation of this operator. In this representation
the operator (2) is a quadrati expression of fermioni elds. We extrat the spetrum
from the (quantum) eld equations, whih are linear.
Conerning the TCSA Hamiltonian operator, the main diulty we enounter is that
it is hard to handle the TCSA spetra analytially even if the non-trunated model is
exatly solvable. Therefore, hoping that we an gain some insight by looking at a similar
but exatly solvable trunation method, we tried another trunation method whih we
all mode trunation. The mode trunated model an be solved exatly, but it turns out,
rather unexpetedly, that the behaviour of the spetrum for large values of h is dierent
from the behaviour of the TCSA spetrum, namely the qualitative behaviour of the mode
trunated spetrum is very similar to that of the exat spetrum; the seond ows are not
present. This, besides leaving the seond question open, raises the problem of nding the
possible behaviours for large values of h and their dependene on the trunation method,
and whether the mode trunation method an be generalized to other models.
We also apply the Rayleigh-Shrödinger perturbation theory to verify the validity of
(5) for both the TCSA and mode trunation methods.
A further alulation that we do is a numerial omparison of the exat and TCSA
spetra. We perform the same alulation for the mode trunation sheme as well.
Our seondary aim in this paper, whih is partially independent of the problem of the
TCSA approximation, is to provide a detailed desription of the quantum eld theoreti
representation of (2). Although this was studied in the literature (e.g. in [28℄ and espeially
in [26℄ (at nite temperature), and on the half-line in several papers), we give a desription
in whih the perturbed Hamiltonian operator struture, on whih the TCSA is based, is
emphasized and observed onsistently. In a alulation using the Bethe-Yang equations
(whih we also present in the appendix) or in the approah of [26℄ where boundary ondi-
tions play entral role, the link with the TCSA formulation would not be entirely obvious.
Furthermore, the formulation we present is also suitable for Rayleigh-Shrödinger pertur-
bation theory and for the treatment of the mode trunated version. We do not onsider the
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lassial level of the eld theoreti model, mainly beause it is irrelevant to our problem.
We remark that the same model with massive unperturbed part (see e.g. [12℄) ould be
studied along the same lines. The eld theoreti approah also raises the problem of den-
ing distributions (or similar objets) on a losed interval. We do not know of a systemati
exposition of this subjet (neither for a losed interval nor for the half-line), although it
would be needed for boundary eld theory. In this paper we use distributions on losed
intervals, restriting to the most neessary formulae only. These formulae are olleted in
Appendix A.
We remark that our TCSA program relies on the onformal transformation properties
only and does not make use of the representation mentioned above.
The ontents of the paper are the following:
Setion 2 ontains the eld theoretial desription of the model (2), in partiular the
alulation of the exat spetrum. Further details onerning the boundary onditions,
the normalization of interating reation and annihilation operators, the relation between
free and interating reation and annihilation operators, matrix elements of the interating
elds, identities for the Dira delta on the strip and the expression of eigenstates in terms
of the unperturbed eigenstates are deferred to Appendix B.
In Setion 3 we propose a desription of (2) as a perturbation of the h→ ±∞ limiting
ase, whih annot be found in the literature. An interesting feature of this desription,
whih we all reverse desription, is that the perturbing operator is non-relevant. We
alulate the exat spetrum in a similar way as in the ase of the standard desription
mentioned above. This reverse desription is motivated by the presene of the seond
(reverse) ows in the TCSA spetra.
In Setion 4 we desribe the mode trunated model and alulate its spetrum. This is
done along the same lines as in the non-trunated ase.
Setion 5 ontains the perturbative results for the s0 and s1 funtions.
Setion 6 ontains the results of the numerial test of the approximation by (5) for the
TCSA and the mode trunation shemes.
The paper ontains further appendies beyond those mentioned above.
In Appendix C we desribe the spetrum using the Bethe-Yang equations. We nd that
they give the exat result in this ase.
Appendix D ontains the power series for the exat, TCSA and mode trunated energy
levels up to third order in h whih we obtained by means of the Rayleigh-Shrödinger
perturbation theory.
Conlusions and some diretions for future work are given in Setion 7.
2 The exat spetrum
In this setion we present a quantum eld theoreti desription of the model (2) and
alulate its energy spetrum.
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2.1 The free model
The dening onstituents of the unperturbed model are the following: two fermion elds
Ψ1(x, t) and Ψ2(x, t) and a fermioni operator A2(t) with the antiommutators
{Ψ1(x, t),Ψ1(y, t)} = {Ψ2(x, t),Ψ2(y, t)} = 4Lδ(x− y) (6)
{Ψ1(x, t),Ψ2(y, t)} = −4L[δ(x+ y) + δ(x+ y − 2L)] (7)
{A2(t),Ψ1(x, t)} = {A2(t),Ψ2(x, t)} = 0 (8)
{A2(t), A2(t)} = 2 (9)
and the relations
Ψ1(x, t)
† = Ψ1(x, t) Ψ2(x, t)
† = Ψ2(x, t) A2(t)
† = A2(t) , (10)
the Hamiltonian operator
H0 = − i
8L
∫ L
0
dx Ψ1(x, 0)∂xΨ1(x, 0) +
i
8L
∫ L
0
dx Ψ2(x, 0)∂xΨ2(x, 0) , (11)
the equations of motion
d
dt
A2(t) = [iH0, A2(t)] = 0 (12)
∂tΨ1(x, t) = [iH0,Ψ1(x, t)]
= −∂xΨ1(x, t) + 1
2
[Θ(−x) + Θ(x− L)][−∂xΨ2(x, t) + ∂xΨ1(x, t)]
+
1
2
[−Ψ1(0, t)−Ψ2(0, t)]δ(x) + 1
2
[Ψ1(L, t) + Ψ2(L, t)]δ(x− L) , (13)
∂tΨ2(x, t) = [iH0,Ψ2(x, t)]
= ∂xΨ2(x, t) +
1
2
[Θ(−x) + Θ(x− L)][−∂xΨ2(x, t) + ∂xΨ1(x, t)]
+
1
2
[Ψ1(0, t) + Ψ2(0, t)]δ(x) +
1
2
[−Ψ1(L, t)−Ψ2(L, t)]δ(x− L) . (14)
The fermion elds, whih are one-omponent real fermion elds with zero mass, have the
following expansion:
Ψ1(x, t) =
∑
k∈ pi
L
Z, k>0
√
2[a(k)eik(t−x) + a†(k)e−ik(t−x)] + A1 (15)
Ψ2(x, t) =
∑
k∈ pi
L
Z, k>0
√
2[−a(k)eik(t+x) − a†(k)e−ik(t+x)]− A1 (16)
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a(k)† = a(−k) A†1 = A1 (17)
{a(k1), a(k2)} = δk1,−k2 {a(k), A1} = 0 (18)
{A2, A1} = 0 {A1, A1} = 2 (19)
{A2, a(k)} = 0 . (20)
The fermion elds and A2 are dimensionless.
A unitary representation for the above operator algebra is dened by the following
formulae: an orthonormal basis of the Hilbert spae is
a(k1)a(k2)a(k3) . . . a(kn)|u〉 a(k1)a(k2)a(k3) . . . a(kn)|v〉 , (21)
where k1 > k2 > k3 > · · · > kn > 0, ki ∈ πZ/L and n ≥ 0,
A1a(k1)a(k2)a(k3) . . . a(kn)|u〉 = (−1)na(k1)a(k2)a(k3) . . . a(kn)|v〉 (22)
A1a(k1)a(k2)a(k3) . . . a(kn)|v〉 = (−1)na(k1)a(k2)a(k3) . . . a(kn)|u〉 (23)
A2a(k1)a(k2)a(k3) . . . a(kn)|u〉 = (−1)n(−i)a(k1)a(k2)a(k3) . . . a(kn)|v〉 (24)
A2a(k1)a(k2)a(k3) . . . a(kn)|v〉 = (−1)n(+i)a(k1)a(k2)a(k3) . . . a(kn)|u〉 . (25)
The ondition k1 > k2 > k3 > · · · > kn > 0, ki ∈ πZ/L and n ≥ 0 also applies below if
not stated otherwise. a(k)|u〉 = 0, a(k)|v〉 = 0 if k < 0. The energy eigenvalue of a basis
vetor a(k1)a(k2)a(k3) . . . a(kn)|u〉 is
∑n
i=1 ki, and the same applies if u is replaed by v.
The following boundary onditions are satised by the fermion elds:
〈E1|Ψ1(0, t) + Ψ2(0, t)|E2〉 = 0 〈E1|Ψ1(L, t) + Ψ2(L, t)|E2〉 = 0 , (26)
where |E1〉 and |E2〉 are arbitrary energy eigenstates.
A representation of the Virasoro algebra an be dened on the Hilbert spae in the
following way (whih is well known essentially in onformal eld theory; see [31, 32℄):
LN =
L
2π
∑
k∈ pi
L
Z
−ka(−k)a(k − Nπ
L
) (27)
L0 =
L
2π
∑
k∈ pi
L
Z
[−k : a(−k)a(k) :] + 1
16
, (28)
where N = ±1,±2, . . . , a(0) = (1/√2)A1, :: denotes the normal ordering for fermioni
reation and annihilation operators, : a(−k)a(k) := a(−k)a(k) if k < 0, : a(−k)a(k) :=
−a(k)a(−k) if k > 0. It an be veried that in the above representation of the a(k)
and A2 operators LN , N ∈ Z satisfy the usual relations of the generators of the Virasoro
algebra with entral harge c = 1/2. A2 ommutes with the LN . |v〉 and |u〉 are highest
weight states with weight 1/16 and the Hilbert spae deomposes into two opies of the
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M(c = 1/2, h = 1/16) unitary highest weight representation of the Virasoro algebra. The
invariant subspae belonging to u is spanned by the vetors a(k1)a(k2) . . . a(kn)|u〉 with
n even and a(k1)a(k2) . . . a(kn)|v〉 with n odd. The invariant subspae belonging to v is
spanned by the vetors a(k1)a(k2) . . . a(kn)|u〉 with n odd and a(k1)a(k2) . . . a(kn)|v〉 with
n even. These subspaes will be alled u and v setors. The relation between H0 and L0 is
H0 =
π
L
L0 − 1
16
π
L
. (29)
The eldsΨ1 andΨ2 an be written asΨ1(z) =
√
2
∑
n∈Z a˜(n)z
n
, Ψ2(z¯) =
√
2
∑
n∈Z−a˜(n)z¯n,
where a˜(n) = a(k), k = nπ/L, z = exp[i π
L
(t−x)], z¯ = exp[i π
L
(t+x)]. For ǫ(z) = Ψ1(z)/
√
z
and ǫ¯(z¯) = Ψ2(z¯)/
√
z¯ we have [LN , ǫ(z)] = z
N+1 dǫ
dz
(z) + 1
2
(N + 1)zN ǫ(z) and [LN , ǫ¯(z¯)] =
z¯N+1 dǫ¯
dz¯
(z¯) + 1
2
(N + 1)z¯N ǫ¯(z¯), i.e. ǫ(z) and ǫ¯(z¯) are hiral Virasoro primary elds of weight
1/2. The same relations apply to the elds A2ǫ and A2ǫ¯, in partiular A2ǫ and A2ǫ¯ are also
hiral primary elds of weight 1/2. A2ǫ and A2ǫ¯ have zero matrix elements between the u
and v setor, whereas ǫ(z) and ǫ¯(z¯) have zero matrix elements within the u and v setors.
In the above equations the domains of z and z¯ are extended to the whole omplex plane.
The operator A2 is an auxiliary operator and if it is omitted, then it is possible to
represent the elds so that the Hilbert spae is a single Virasoro module (1/2, 1/16). It is
the next setion where the presene of A2 will be really useful.
2.2 The perturbed model
The Hamiltonian operator is
H = − i
8L
∫ L
0
Ψ1(x, 0)∂xΨ1(x, 0) dx +
i
8L
∫ L
0
Ψ2(x, 0)∂xΨ2(x, 0) dx
+ hiA2(0)[Ψ2(L, 0)−Ψ1(L, 0)] , (30)
where h is a oupling onstant of dimension mass. The perturbing term
hHI = hiA2(0)[Ψ2(L, 0)−Ψ1(L, 0)] (31)
has zero matrix elements between vetors belonging to dierent setors, whih means that
H an be restrited to the u and v setors separately. These restritions are denoted
by H|u and H|v. HI is also a primary boundary eld of weight 1/2 with respet to
the Virasoro algebra representation dened in the previous setion taken at t = 0. The
matrix elements of HI , i.e. of HI |u and HI |v, are uniquely determined by this property
and by the values of the matrix elements 〈u|HI |u〉 and 〈v|HI |v〉. It is easy to verify that
2 = 〈u|HI |u〉 = −〈v|HI |v〉, and there exists an intertwiner Y of the Virasoro algebra
representations on the u and v setors so that Y u = v, Y H0|uY −1 = H0|v. This also
implies that Y HI |uY −1 = −HI |v. This means nally that we an restrit to 0 ≤ h ≤ ∞,
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and the u setor and H|u will orrespond to the h ≥ 0 ase of (2) and to (3), the v
setor and H|v will orrespond to the h ≤ 0 ase of (2) and to (4). For 0 ≤ h ≤ ∞ the
operator (30) desribes in the two setors the two ows mentioned in the Introdution. The
preise relation between the h in (2) in the Introdution and the h in (30) is the following:
hIntrod = 2L
1/2h in the u setor, hIntrod = −2L1/2h in the v setor. Further on we shall
assume that 0 < h <∞.
The eigenvalues of the Hamiltonian operator (30) are ultraviolet divergent in perturba-
tion theory; the divergene an be removed by adding a term ch2I with appropriate value
of the logarithmially divergent (as a funtion of the uto energy) oeient c. This
means that the dierenes of the eigenvalues of H are not ultraviolet divergent. We shall
assume that the ground state energy is set to zero, and the ch2I term will not be written
expliitly.
The equations of motion are obtained by adding the following terms to the right-hand
side of the unperturbed equations of motion (12), (13), (14):
[ihHI ,Ψ1(x, t)] = 8LhA2(t)δ(x− L) (32)
[ihHI ,Ψ2(x, t)] = −8LhA2(t)δ(x− L) (33)
[ihHI , A2(t)] = 2h(Ψ2(L, t)−Ψ1(L, t)) . (34)
The initial ondition for the elds Ψ1(x, t), Ψ1(x, t) and A2(t) is that at t = 0 they are
equal to the unperturbed elds (of the previous setion). The above terms are linear in
the fermion elds and A2, so the equations of motion for the perturbed theory are linear
and by sandwihing these equations between energy eigenstates we get a system of three
rst-order dierential equations for the expetation values of the elds and A2. These
expetation values an be assumed to take the form
〈E1|Ψ1(x, t)|E2〉 = −eik(t−x) −Θ(x− L)C1(k)eikt (35)
〈E1|Ψ2(x, t)|E2〉 = eik(t+x) −Θ(x− L)C2(k)eikt (36)
〈E1|A2(t)|E2〉 = C3(k)eikt , (37)
where C1(k), C2(k), C3(k) are nite onstants, |E1〉 and |E2〉 are eigenstates of H and
k = E1 − E2. |E1〉 and |E2〉 are not neessarily normalized to 1 here. Substituting (35)-
(37) into the equations of motion we get algebrai equations for C1(k), C2(k), C3(k), whih
have the following solution:
kL tan(kL) = 16L2h2 (38)
ψ1(k)(x, t) = 〈E1|Ψ1(x, t)|E2〉 = −eik(t−x) −Θ(x− L)i sin(kL)eikt (39)
ψ2(k)(x, t) = 〈E1|Ψ2(x, t)|E2〉 = eik(t+x) −Θ(x− L)i sin(kL)eikt (40)
a2(k)(t) = 〈E1|A2(t)|E2〉 = − i sin(kL)
4Lh
eikt . (41)
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Equation (38) is the formula that determines the possible values of k at a given value of h
and L and so the spetrum of H up to an undetermined additive overall onstant.
The assumption (35), (36) is motivated by the fat that the equations of motion for
x ∈ (0, L) are (∂t+∂x)Ψ1(x, t) = 0, (∂t−∂x)Ψ2(x, t) = 0. We remark that the equations of
motion ould also be solved diretly without making any assumptions on the form of the
expetation values.
Introduing the notation
n(k) = (ψ1(k), ψ2(k), a2(k)) (42)
the mode expansion of (Ψ1,Ψ2, A2) is
(Ψ1,Ψ2, A2) =
∑
k∈S
b(k)n(k) , (43)
where the b(k) are reation/annihilation operators and the summation is done over the set
S of all real solutions of (38). The b(k) satisfy the relations (see Appendix B for details)
{b(k1), b(k2)} = δk1+k2,0
4Lk1
2Lk1 + sin(2Lk1)
(44)
and b(k)† = b(−k).
The Hilbert spae is spanned by the orthogonal eigenstates b(k1)b(k2)b(k3) . . . b(kn)|0h〉
where k1 > k2 > · · · > kn > 0, |0h〉 is the ground state, whih is unique, and b(k)|0h〉 = 0 if
k < 0. The eigenvalues of these states are
∑n
i=1 ki. The eigenvetor b(k1)b(k2) . . . b(kn)|0h〉
belongs to the v setor if n is even and to the u setor if n is odd. The rst few energy
gaps (i.e. energies relative to the lowest energy) within the two setors are shown in Figure
7 as funtions of ln(h) with L = 1.
In the h : 0→∞ limit
k(n, h)→ k(n, 0) + 1
2
π
L
=
nπ
L
+
1
2
π
L
, (45)
where k(n, h) is the n-th nonnegative root of (38) as a funtion of h, k(n, 0) = nπ/L,
n = 0, 1, 2, . . . ; and {b(ki), b(kj)} → 2δki+kj ,0. It an be veried that in the h → ∞ limit
the (c = 1/2, h = 0) representation of the Virasoro algebra an be introdued in the v setor
and the (c = 1/2, h = 1/2) representation an be introdued in the u setor. One an write
expressions (whih are well known essentially, see [31, 32℄) for the generators in terms of the
b(k) similar to (27), (28). Therefore h : 0 → ∞ orresponds to the (1/2, 1/16) → (1/2, 0)
ow in the v setor and to the (1/2, 1/16) → (1/2, 1/2) ow in the u setor. We remark
that the easiest way to determine whih representations are realized in the h→∞ limit is
by ounting the degeneraies of the rst few energy levels (separately in the two setors).
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3 Reverse desription
In this setion we propose the desription of the model (30) as a perturbation of its h→∞
limit. This is motivated by the presene of the seond (reverse) ows in the TCSA spetra
(Figure 8). It should be noted that the meaning of the notation H0 or HI et diers from
that in Setion 2. The preise orrespondene between the quantities in this setion and in
the previous setion will be given expliitly for the oupling onstant and for the spetrum.
3.1 The free model
The fundamental objets of the model at h = ∞ are two one-omponent real massless
fermion elds Φ1(x, t), Φ2(x, t) with the antiommutation relations
{Φ1(x, t),Φ1(y, t)} = {Φ2(x, t),Φ2(y, t)} = 4Lδ(x− y) (46)
{Φ1(x, t),Φ2(y, t)} = −4L[δ(x+ y)− δ(x+ y − 2L)] (47)
and reality property Φ1(x, t)
† = Φ1(x, t), Φ2(x, t)
† = Φ2(x, t). Φ1 and Φ2 are dimensionless.
The Hamiltonian operator is
H0 = − i
8L
∫ L
0
dx Φ1(x, 0)∂xΦ1(x, 0) +
i
8L
∫ L
0
dx Φ2(x, 0)∂xΦ2(x, 0) . (48)
The equations of motion are
∂tΦ1(x, t) = [iH0,Φ1(x, t)] = −∂xΦ1(x, t)
+
1
2
δ(x− L)[Φ1(L, t)− Φ2(L, t)] + 1
2
δ(x)[−Φ1(0, t)− Φ2(0, t)] (49)
+
1
2
Θ(−x)[∂xΦ1(x, t)− ∂xΦ2(x, t)] + 1
2
Θ(x− L)[∂xΦ1(x, t) + ∂xΦ2(x, t)]
∂tΦ2(x, t) = [iH0,Φ2(x, t)] = ∂xΦ2(x, t)
+
1
2
δ(x− L)[Φ1(L, t)− Φ2(L, t)] + 1
2
δ(x)[Φ1(0, t) + Φ2(0, t)] (50)
+
1
2
Θ(−x)[∂xΦ1(x, t)− ∂xΦ2(x, t)] + 1
2
Θ(x− L)[−∂xΦ1(x, t)− ∂xΦ2(x, t)] .
The fermion elds have the following mode expansion:
Φ1(x, t) =
∑
k∈ pi
L
Z+ pi
2L
√
2a(k)eik(t−x) (51)
Φ2(x, t) =
∑
k∈ pi
L
Z+ pi
2L
−
√
2a(k)eik(t+x) (52)
(53)
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{a(k1), a†(k2)} = δk1,k2 a(k)† = a(−k) . (54)
An orthonormal basis for the Hilbert spae is formed by the vetors a(k1)a(k2) . . . a(kn)|0〉,
where ki > 0, ki ∈ πZ/L + π/(2L), n ≥ 0. a(k)|0〉 = 0 if k < 0. The eigenvalue of
the eigenvetor a(k1)a(k2) . . . a(kn)|0〉 is
∑n
i=1 ki. The fermion elds satisfy the following
boundary onditions:
〈E1|Φ1(0, t) + Φ2(0, t)|E2〉 = 0 〈E1|Φ1(L, t)− Φ2(L, t)|E2〉 = 0 , (55)
where |E1〉, |E2〉 are eigenstates of H0.
One an dene a representation of the Virasoro algebra on the Hilbert spae in the same
way as in Setion 2.1 (see also [31, 32℄). This representation is (1/2, 0)⊕ (1/2, 1/2). The
elds Φ1(x, t) and Φ2(x, t) an be onverted to weight 1/2 primary elds by multiplying
them by a suitable simple exponential fator.
3.2 The perturbed model
The perturbed Hamilton operator is
H = − i
8L
∫ L
0
dx Φ1(x, 0)∂xΦ1(x, 0) +
i
8L
∫ L
0
dx Φ2(x, 0)∂xΦ2(x, 0)
+ g[i(Φ1 + Φ2)(L, 0) lim
x→L
∂x(Φ2 − Φ1)(x, 0)] , (56)
where g is a dimensionless oupling onstant. In the same way as in Setion 2.2, the
perturbing term has zero matrix elements between vetors belonging to dierent irreduible
representations.
The limit presription in the perturbing term is important, and the limit limx→L should
be taken at the end of any alulation. It should be assumed that limx→L δ(x − L) = 0,
for example, and similarly for the derivatives of δ(x− L).
It should be noted that the only primary eld in the 0 or in the 1/2 representation is
the identity operator, all other elds are desendant and non-relevant elds.
The equations of motion are obtained by adding the following terms to the right-hand
side of the unperturbed equations of motion (49), (50):
[igHI ,Φ1(x, t)] = g8Lδ(x− L) lim
x→L
∂x(Φ2 − Φ1)(x, t) (57)
[igHI ,Φ2(x, t)] = g8Lδ(x− L) lim
x→L
∂x(Φ2 − Φ1)(x, t) (58)
where
HI = [i(Φ1 + Φ2)(L, 0) lim
x→L
∂x(Φ2 − Φ1)(x, 0)] . (59)
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Similar steps to those in Setion 2.2 an now be taken to obtain 〈E1|Φ1(x, t)|E2〉 and
〈E1|Φ2(x, t)|E2〉. In the same way as in Setion 2.2, the forms
〈E1|Φ1(x, t)|E2〉 = eik(t−x) +Θ(x− L)D1(k)eikt (60)
〈E1|Φ2(x, t)|E2〉 = −eik(t+x) +Θ(x− L)D2(k)eikt (61)
an be assumed, where D1(k) and D2(k) are nite onstants, |E1〉 and |E2〉 are eigenstates
of H and k = E1 −E2.
Solving the equations of motion for D1(k), D2(k) we get D2(k) = −D1(k) = cos(kL)
and
(kL) tan(kL) =
−1
16g
. (62)
Equation (62) is the formula that determines the spetrum of H up to an overall additive
onstant. The eigenvalues of H are k1 + k2 + · · · + kn, where n ≥ 0, ki ≥ 0, ki 6= kj if
i 6= j, the ki are real roots of (62) and the lowest eigenvalue is assumed to be set to zero
by adding a onstant whih is not written expliitly. The substitution
g =
−1
256L2h2
(63)
onverts (62) into (38). Thus g : 0 → −∞ orresponds to the ow (0 → 1/16)⊕ (1/2 →
1/16).
In perturbation theory there are divergenes if we take x = L in HI at the beginning.
However, if one allows x to take general values, then in Rayleigh-Shrödinger perturbation
theory for the dierenes of the energy levels one an expet to get sums at any xed order
whih are possible to evaluate. We expet that the evaluation yields, besides non-singular
parts, step funtions, δ(x − L) and its derivatives, and the result remains nite after the
x→ L limit.
4 Exat spetrum in the Mode Trunated version
4.1 The free model
Let nc, alled the trunation level, be a positive integer. The mode trunated version of
the free model desribed in Setion 2.1 is the following:
{Ψ1(x, t),Ψ1(y, t)} = 2[1 + 2
∑
k∈ pi
L
{1...nc}
cos(k(x− y))] (64)
{Ψ2(x, t),Ψ2(y, t)} = 2[1 + 2
∑
k∈ pi
L
{1...nc}
cos(k(x− y))] (65)
{Ψ1(x, t),Ψ2(y, t)} = −2[1 + 2
∑
k∈ pi
L
{1...nc}
cos(k(x+ y))] , (66)
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Ψ1(x, t) =
∑
k∈ pi
L
{1...nc}
√
2[a(k)eik(t−x) + a+(k)e−ik(t−x)] + A1 (67)
Ψ2(x, t) =
∑
k∈ pi
L
{1...nc}
√
2[−a(k)eik(t+x) − a+(k)e−ik(t+x)]− A1 . (68)
Equations (17)-(20) apply unhanged. The Hamiltonian operator is
H0 =
∑
k∈ pi
L
{1...nc}
k[a(k)a+(k)] . (69)
The elds satisfy the following equations of motion:
∂tΨ1(x, t) = [iH0,Ψ1(x, t)] = −∂xΨ1(x, t) (70)
∂tΨ2(x, t) = [iH0,Ψ2(x, t)] = ∂xΨ2(x, t) (71)
d
dt
A2(t) = [iH0, A2(t)] = 0 . (72)
The Hilbert spae and the energy eigenstates are similar to those in Setion 2.1, but
k ∈ π
L
{−nc,−nc + 1, . . . , nc − 1, nc} (73)
applies instead of k ∈ πZ/L. The Hilbert spae is 2× 2nc dimensional.
4.2 The perturbed model
The perturbed Hamiltonian operator is H0 + hHI , where
HI = iA2(0)[Ψ2(L, 0)−Ψ1(L, 0)] . (74)
The equations of motion are
∂tΨ1(x, t) = [i(H0 + hHI),Ψ1(x, t)] = −∂xΨ1(x, t)− hA2(t)C1(x) (75)
∂tΨ2(x, t) = [i(H0 + hHI),Ψ2(x, t)] = ∂xΨ2(x, t)− hA2(t)C2(x) (76)
d
dt
A2(t) = [i(H0 + hHI), A2(t)] = 2h(Ψ2(L, t)−Ψ1(L, t)) , (77)
where
C1(x) = {Ψ1(x, t),Ψ2(L, t)−Ψ1(L, t)}
= −4[1 + 2
∑
k∈ pi
L
{1...nc}
cos(k(x+ L))] (78)
C2(x) = {Ψ2(x, t),Ψ2(L, t)−Ψ1(L, t)} = −C1(x) . (79)
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These equations are linear as in the non-trunated ase, so sandwihing them between
energy eigenstates gives a system of three rst-order linear partial dierential equations
for the expetation values. The analogue of (38) an be obtained from these equations in
the following way: we an eliminate A2:
∂2tΨ1(x, t) = −∂xtΨ1(x, t)− 2h2(Ψ2(L, t)−Ψ1(L, t))C1(x) (80)
∂2tΨ2(x, t) = ∂xtΨ1(x, t)− 2h2(Ψ2(L, t)−Ψ1(L, t))C2(x) (81)
and introdue the funtions f1(x), f2(x):
〈E1|Ψ1(x, t)|E2〉 = f1(x)eikt 〈E1|Ψ2(x, t)|E2〉 = f2(x)eikt , (82)
where k = E1 − E2 and the dependene of f1 and f2 on k is not denoted expliitly.
Sandwihing (80) and (81) between |E1〉 and |E2〉 gives two rst-order inhomogeneous
linear ordinary dierential equations (with the deviation that the inhomogeneity depends
on the unknown funtions). We also have the boundary onditions f1(0) = −f2(0), f1(L) =
−f2(L). Elementary alulation yields that a solution of the dierential equations and the
boundary onditions exists if and only if k satises the equation
16h2

 1
k2
+
∑
k0∈
pi
L
{1...nc}
2
k2 − k20

 = 1 , (83)
whih is the analogue of (38) and determines the energy of the modes as funtions of h.
(83) as an algebrai equation for k has nitely many real roots, and if k is a root, then
−k is a root as well. All real roots onverge to nite values as h→∞ exept for the pair
with the largest absolute value. This pair of roots diverges linearly as h → ∞. This pair
has the largest absolute value already at h = 0. A onsequene of this behaviour is that
the lower half of the spetrum, namely those states whih do not ontain the mode with
the highest energy, remains nite as h→∞, whereas the higher half of the spetrum, i.e.
the states whih ontain the mode with the highest energy, diverges linearly as h → ∞
with a ommon slope. Here it is assumed that the ground state energy is set to zero. In
the subsequent setions we shall onsider the lower half of the spetrum. The look of this
half as a funtion of ln(h) is very similar to that of the exat spetrum shown in Figure 7.
Applying the formula
1 +
∞∑
n=1
2k2
k2 − 4n2π2 =
k/2
tan(k/2)
(84)
we an easily verify that the limit of (83) as nc →∞ is (38).
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5 Perturbative results
The funtions s0(h, nc) and s1(h, nc) in H
r = s0(h, nc)H0 + s1(h, nc)HI are determined by
the ondition that the dierenes of those eigenvalues of Hr that are low ompared to the
trunation level should be equal to those of the trunated Hamiltonian operator H t(nc).
H t(nc) is, in partiular, the TCSA Hamiltonian operator H
TCSA(nc), or the Hamiltonian
operator HMT (nc) of the mode trunated model. This ondition, whih we shall all
renormalization ondition, applies separately and independently within the u and v setors,
and we have in fat a pair su0 , s
u
1 for the u setor and another pair s
v
0, s
v
1 for the v setor.
The renormalization ondition is a very strong ondition on s0 and s1 and generally we
annot expet that it an be satised. It is possible, however, that it an be satised in
ertain approximations.
5.1 Mode Trunation sheme
Using (156) in Appendix D we an obtain the following results:
The renormalization onditions have a solution if the eigenfuntions are expanded into
a power series in h and terms that are higher order than 3 are omitted:
s0(h, nc) = 1 +O(h
4) s1(h, nc) = h+
1
2
(S − S(nc))L2h3 +O(h4) , (85)
where
S =
∞∑
n=1
32
n2π2
S(nc) =
nc∑
n=1
32
n2π2
. (86)
This solution applies to both the u and v setors and it is exat in nc. We remark that
S − S(nc) = 32
π2nc
+O(1/n2c) . (87)
In the MT sheme we an obtain another result that is non-perturbative in h: doing
power series expansion in 1/nc we obtain the formula
1
k2
+
nc∑
n=1
2
k2 − π2
L2
n2
=
L
k tan(kL)
+
2L2
π2
+
1
nc
+O(1/n2c) . (88)
Omitting the terms whih are seond or higher order in 1/nc, equation (83) takes the form
of (38) if
heff =
h√
1− 32L2h2
π2nc
= h+ 16h3
L2
π2
1
nc
+O(1/n2c) (89)
is introdued:
kL tan(kL) = 16L2h2eff . (90)
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This means that resaling by
s0(h, nc) = 1 +O(1/n
2
c) s1(h, nc) = h+ 16h
3L
2
π2
1
nc
+O(1/n2c) (91)
improves the onvergene of the mode trunated energy gaps to the exat energy gaps
from order 1/nc to order 1/n
2
c (at least), i.e. the dierene between the energy gaps of
s0(h, nc)H0 + s1(h, nc)HI and the energy gaps of (H0 + hHI)
MT
tends to zero as 1/n2c (at
least) for any xed nite value of h, whereas the dierene between the energy gaps of
H0 + hHI and (H0 + hHI)
MT
tends to zero as 1/nc.
5.2 TCS sheme
Using (156) in Appendix D we obtain the following results:
The renormalization onditions have a solution if the eigenfuntions are expanded into
a power series in h and in 1/nc and terms that are of order higher than 3 in h and 1 in
1/nc are omitted:
s0(h, nc) = 1 + x1h
2 + y1h
3 +O(h4) (92)
s1(h, nc) = h+ y2h
2 + x2h
3 +O(h4) (93)
x1 =
8L2
π2nc
+O(1/n2c) y1 = 0 +O(1/n
2
c) (94)
x2 =
1
2
(S − S(nc))L2 +O(1/n2c) y2 = 0 +O(1/n2c) . (95)
This solution applies to both setors. If terms of order 1/n2c are also taken into onsider-
ation, then the renormalization onditions do not have a solution. A signiant dierene
between the TCS and mode trunation shemes is that the value of the oeient x1 is
zero in the mode trunation sheme but non-zero in the TCS sheme.
6 Numerial results
In the numerial alulations desribed in this setion the value of L is set equal to 1.
This does not aet the generality of the results. In the alulations we used the same
normalizations as in Setion 2.
s0(h, nc) and s1(h, nc) are alulated from the lowest three energy levels and are given
by the following formulae:
s1
s0
(h) =
(
E2 −E0
E1 −E0
)−1((
E2 − E0
E1 − E0
)t
(h)
)
(96)
s0(h) =
(E1 − E0)t(h)
(E1 − E0)( s1s0 (h))
, (97)
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where the supersriptless quantities are the non-trunated ones and those with the
t
super-
sript are obtained by a trunation. E0, E1, E2 denote the three lowest energy eigenvalues.
6.1 Mode Trunation Sheme
Figure 1 shows the exat and mode trunated spetra as a funtion of the logarithm of the
oupling onstant. The trunation level is nc = 9, and the dimension of the Hilbert spae
is 512 in eah setor. It is remarkable that there is a good qualitative agreement between
the mode trunated and exat spetra for all values of h.
Figure 2 shows the same spetra, but the lowest gap is normalized to one, i.e. the
funtions
Ei(h)−E0(h)
E1(h)−E0(h)
are shown. It is remarkable that the agreement between the exat
and mode trunated spetra looks onsiderably better than in the ase of not normalized
spetra.
Figures 3-5 show the funtions s0(h), s1(h), s1(h)/s0(h) determined by the lowest three
energy levels in the v setor via the formulae (96), (97) in various ranges. Figures 4 and
5 also show the urves given by (85) on the left-hand side (red/grey line). s0(h) remains
lose to 1 and for large values of h it tends to a onstant whih an be expeted to onverge
to 1 as nc →∞. s1(h) also tends to a onstant for large values of h whih an be expeted
to inrease to innity as nc →∞. The behaviours of s1(h)/s0(h) and s1(h) are similar.
Figure 6.a shows the normalized mode trunated spetrum and the normalized exat
spetrum resaled by s0(h) and s1(h) (i.e. the normalized spetrum of H
r
) in the v setor.
No dierene between the two is visible. In Table 1 values of the fth normalized energy
gap
k(3,h)+k(0,h)
k(1,h)+k(0,h)
of the v setor are listed: the values in the non-trunated ase are listed
in the rst olumn, the values in the mode trunated ase are listed in the seond olumn
and the resaled non-trunated values are listed in the third olumn (whih would be the
same as the values in the seond olumn if the renormalization ondition ould be satised
exatly).
Figure 6.b shows the normalized mode trunated spetrum and the normalized exat
spetrum resaled by s0(h) and s1(h) in the u setor. The s0(h), s1(h) obtained in the v
setor were used for the resaling, whih orresponds to the assumption that s0(h) and s1(h)
are the same for both setors. The dierene between the mode trunated and resaled
exat spetra is not visible in the gure.
We also see from Table 2 in whih values of the fourth normalized energy gap
k(3,h)−k(0,h)
k(1,h)−k(0,h)
of the u setor are listed that the resaling together with the above assumption works well.
We have not tried to alulate s0 and s1 for the u setor beause
E2−E0
E1−E0
(h) is not
invertible in this ase. One way to irumvent this diulty would be to use other energy
levels Ei, Ej, Ek for whih
Ei−Ek
Ej−Ek
(h) is invertible.
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Figure 1: Exat (dashed lines) and mode trunated (solid lines) energy gaps (Ei − E0) in
the v and u setors respetively as a funtion of ln(h) at trunation level nc = 9
Figure 2: Exat (dashed lines) and mode trunated (solid lines) normalized spetra in the
v and u setors respetively as a funtion of ln(h) at trunation level nc = 9
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Figure 3: The funtion s0(h) for the v setor in the ranges h ∈ [0, 3], h ∈ [0, 20], h ∈ [0, 400]
and s0 ∈ [0.95, 1.05] at trunation level nc = 9
Figure 4: The funtion s1(h) for the v setor in the ranges h ∈ [0, 2], h ∈ [0, 20], h ∈ [0, 400]
and s1 ∈ [0, 2] at trunation level nc = 9
Figure 5: The funtion s1(h)/s0(h) for the v setor in the ranges h ∈ [0, 2], h ∈ [0, 20],
h ∈ [0, 400] and s1/s0 ∈ [0, 2] at trunation level nc = 9
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(a) (b)
Figure 6: The mode trunated (solid lines) and resaled exat (dashed lines) normalized
spetra in the v and u setors respetively as a funtion of ln(h) at trunation level nc = 9
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Table 1: The normalized energy gap
k(3,h)+k(0,h)
k(1,h)+k(0,h)
in the v setor: exat, MT (nc = 9) and
resaled exat values.
ln(h) Exat MT Resaled exat
−7 2.997677 2.997677 2.997677
−6 2.993681 2.993681 2.993681
−5 2.982797 2.982797 2.982797
−4 2.953071 2.953068 2.953068
−3 2.8719584 2.8719043 2.8719043
−2 2.66042177 2.6594328 2.6594328
−1 2.25064420 2.24043886 2.24043637
0 2.00954942 2.00440950 2.00435155
1 2.00003474 2.00145821 2.00136637
2 2.00000008 2.00106850 2.00100783
3 2.0000000 2.0009872 2.0009201
4 2.0000000 2.0009756 2.0009202
5 2.0000000 2.0009740 2.0009187
6 2.0000000 2.0009738 2.0009185
Table 2: The normalized energy gap
k(3,h)−k(0,h)
k(1,h)−k(0,h)
in the u setor: exat, MT (nc = 9) and
resaled exat values.
ln(h) Exat MT Resaled exat
−7 3.002321 3.002321 3.002321
−6 3.006305 3.006305 3.006305
−5 3.017105 3.017105 3.017105
−4 3.046201 3.046203 3.046203
−3 3.1225067 3.1225559 3.1225559
−2 3.29172833 3.29237422 3.29237405
−1 3.32029283 3.31272102 3.31271418
0 3.01716419 3.00801374 3.00788791
1 3.00006366 3.00269022 3.00249222
2 3.0000000 3.0019707 3.0018400
3 3.0000000 3.0018211 3.0017004
4 3.0000000 3.0017997 3.0016804
5 3.0000000 3.0017968 3.0016776
6 3.0000000 3.0017964 3.0016773
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6.2 TCS sheme
Figure 7 shows the exat and TCSA spetra as a funtion of the logarithm of the oupling
onstant. The trunation level is nc = 14, and the dimension of the Hilbert spae is 110 in
eah setor. It is remarkable that there is strong deviation between the TCSA and exat
spetra for large values of h. The behaviour of the TCSA energy gaps is Ei(h)−E0(h) ∝ h
for large values of h.
Figure 8 shows the same spetra, but the lowest gap is normalized to 1, i.e. the funtions
Ei(h)−E0(h)
E1(h)−E0(h)
are shown. It is remarkable that the agreement between the exat and TCSA
spetra looks better than in the ase of not normalized spetra. The funtions
Ei(h)−E0(h)
E1(h)−E0(h)
have nite limit as h→∞ and the degeneray pattern in this limit appears to orrespond
to the c = 1/2, h = 1/16 representation of the Virasoro algebra. The orrespondene
improves as nc is inreased (this improvement is not illustrated). At any xed nite value
of h, however, the TCSA data are expeted to onverge to the exat values as nc →∞.
Figures 9-11 show the funtions s0(h), s1(h), s1(h)/s0(h) in various ranges alulated
in the same way as in the mode trunated ase. The gures also show the urves given
by (92), (93) on the left-hand side (red/grey line). It is remarkable that s0(h) ∝ h for
large values of h. Calulations at other values of nc show that the slope of s0(h) dereases
as nc is inreased and it an be expeted to onverge to 0 as nc → ∞. s1(h) appears to
tend to a onstant for moderately large values of h. Calulations at other values of nc
show that this onstant inreases as nc is inreased and it an be expeted to onverge to
innity as nc →∞. For large values of h, s1(h) dereases. s1(h)/s0(h) reahes a maximum
at h ≈ 1.6 and then dereases to zero. Calulations at other values of nc show that the
maximum value and the value of h where it is reahed inrease as nc is inreased and it
an be expeted that both values onverge to innity as nc →∞.
Figure 12.a shows the normalized TCSA spetrum and the normalized exat spetrum
resaled by s0(h) and s1(h) (i.e. the normalized spetrum of H
r
). They show good quali-
tative agreement.
Values of the fth normalized energy gap
k(3,h)+k(0,h)
k(1,h)+k(0,h)
of the v setor are listed in Table
3 as in the mode trunated ase. These data show that the resaling signiantly improves
the agreement between the TCSA and exat spetra (whih is espeially notieable if
ln(h) > −2).
Figure 12.b shows the normalized TCSA spetrum and the normalized exat spetrum
resaled by s0(h) and s1(h) in the u setor. The s0(h), s1(h) funtions obtained in the v
setor were used for the resaling as in the mode trunated ase. Table 4 shows values of
the fourth normalized energy gap
k(3,h)−k(0,h)
k(1,h)−k(0,h)
of the u setor. We see from the table that
the assumption that s0(h) and s1(h) are the same in both setors does not give very good
result in this ase, although the situation might beome better at higher trunation levels.
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Figure 7: Exat (dashed lines) and TCSA (solid lines) energy gaps (Ei −E0) in the v and
u setors respetively as a funtion of ln(h) at trunation level nc = 14
Figure 8: Exat (dashed lines) and TCSA (solid lines) normalized spetra in the v and u
setors respetively as a funtion of ln(h) at trunation level nc = 14
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Figure 9: The funtion s0(h) for the v setor in the ranges h ∈ [0, 1], s0 ∈ [1, 1.07]; h ∈ [0, 3],
s0 ∈ [1, 1.35]; h ∈ [0, 400], s0 ∈ [1, 60] at trunation level nc = 14
Figure 10: The funtion s1(h) for the v setor in the ranges h ∈ [0, 1.75], s1 ∈ [0, 1.7];
h ∈ [0, 20], s1 ∈ [0, 1.5]; h ∈ [0, 100], s1 ∈ [0, 1.5]; h ∈ [0, 400], s1 ∈ [0, 1.5] at trunation
level nc = 14
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Figure 11: The funtion s1(h)/s0(h) for the v setor in the ranges h ∈ [0, 1.75], s1/s0 ∈
[0, 1.75]; h ∈ [0, 10], s1/s0 ∈ [0, 1]; h ∈ [0, 400], s1/s0 ∈ [0, 1] at trunation level nc = 14
(a) (b)
Figure 12: The TCSA (solid lines) and resaled exat (dashed lines) normalized spetra in
the v and u setors respetively as a funtion of ln(h) at trunation level nc = 14
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Table 3: The normalized energy gap
k(3,h)+k(0,h)
k(1,h)+k(0,h)
in the v setor: exat, TCSA (nc = 14)
and resaled exat values.
ln(h) Exat TCSA Resaled exat
−6 2.993681 2.993681 2.993681
−5 2.982797 2.982797 2.982797
−4 2.953071 2.953074 2.953073
−3 2.8719584 2.871974 2.871961
−2 2.66042177 2.660322 2.660236
−1 2.25064420 2.2488 2.24837
0 2.00954942 2.01699 2.0177
1 2.00003474 2.028321 2.031631
2 2.00000008 2.101337 2.105516
3 2.0000000 2.33433 2.32573
4 2.0000000 2.670454 2.643480
5 2.0000000 2.916318 2.879339
6 2.0000000 3.037542 2.997132
Table 4: The normalized energy gap
k(3,h)−k(0,h)
k(1,h)−k(0,h)
in the u setor: exat, TCSA (nc = 14)
and resaled exat values.
ln(h) Exat TCSA Resaled exat
−7 3.002321 3.002321 3.002321
−6 3.006305 3.006305 3.006305
−5 3.017105 3.017105 3.017105
−4 3.046201 3.046206 3.046198
−3 3.1225067 3.122558 3.122504
−2 3.29172833 3.292196 3.291849
−1 3.32029283 3.31947 3.31865
0 3.01716419 3.0268 3.0315
1 3.00006366 3.03610 3.05522
2 3.0000000 3.11033 3.16799
3 3.0000000 3.27063 3.36158
4 3.0000000 3.28320 3.30254
5 3.0000000 3.203134 3.115763
6 3.0000000 3.152931 3.002865
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7 Disussion
We have investigated the validity of the approah (5) for the desription of trunation eets
in TCSA spetra. Comparison with another trunation method alled mode trunation
shows that the remarkably regular behaviour of the TCSA spetrum for large h in the ase
of the model (2), namely the presene of seond ows, is not universal (i.e. not independent
of the trunation sheme). The numerial alulations show that (5) provides a good
approximation of the trunated spetra in both the TCSA and the mode trunation sheme.
This is onrmed by perturbative analyti alulations as well. The main dierene between
the mode trunated and TCSA spetra at large h seems to be expliable through the
dierent behaviour of the funtion s0(nc, h) in the two shemes. Dierene between the
s0(nc, h) funtions appears also in perturbation theory. We have shown analytially that in
the mode trunation sheme the onvergene of the trunated spetra to the exat spetra
an be improved by (at least) one order in 1/nc by the resaling (5). This has also been
shown in the TCSA sheme for low orders of perturbation theory in h.
We have also given a quantum eld theoreti disussion of the model (2). In partiular
we have disussed (see Appendix B) the hange of the boundary ondition satised by the
fermion elds as the oupling onstant (or external boundary magneti eld) is inreased.
Suh a hange, whih is emphasized in the literature, seems impossible naively  in our
formulation at least. The paradox is resolved by the phenomenon that the fermion elds
(more preisely their matrix elements between energy eigenstates) develop a disontinuity
at the boundary if the oupling onstant is nonzero.
It is still an open problem to present an explanation of the validity of the approah (5).
Within the framework of (5) the behaviour of the TCSA spetrum at large h, in partiular
the seond ow mentioned in the Introdution, is explained by the behaviour of s0 and s1
at large h: s0 ∝ h, s1 is bounded from above, therefore s1/s0 tends to zero. It is a further
problem to give an analyti derivation of this behaviour of s0 and s1.
We shall investigate the saling properties of s1/s0, s1 and s0 and the TCSA and MT
spetra in a further publiation [33℄. It is also interesting to extend the investigations to
other perturbed boundary onformal minimal models, whih show similar behaviour nu-
merially to the model that we have studied. Certain results onerning other minimal
models and saling properties already exist [25, 20℄; see also [18℄. It is a further problem
to lassify the possible behaviours of trunated spetra at large h for various trunation
shemes. Finally, the quantum eld theoreti desription of the model (2) ould be devel-
oped further and extended to ase of massive partiles.
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A Distributions on losed line segments
The neessary formulae for the Dira delta δ(x) and step funtion Θ(x) distributions on
the losed interval [0, L] ⊂ R are the following:
∫ L
0
δ(x− a)f(x) dx = f(a) if a ∈ (0, L) (98)∫ L
0
δ(x− a)f(x) dx = 1
2
f(0) if a = 0 (99)∫ L
0
δ(x− a)f(x) dx = 1
2
f(L) if a = L (100)∫ L
0
δ(x− a)f(x) dx = 0 if a 6∈ [0, L] , (101)
where f is a funtion dened on [0, L], and x ∈ [0, L].
Θ(x− a) = 0 if x < a , Θ(x− a) = 1 if x ≥ a , (102)
where a ∈ R,
∂xΘ(x− L) = 2δ(x− L) (103)
∂xΘ(x− a) = δ(x− a) if a ∈ (0, L) (104)
∂xΘ(x− a) = 0 if a 6∈ (0, L] , (105)
where x ∈ [0, L]. ∑
k∈piZ
L
exp[ik(x− x′)] = 2Lδ(x− x′) (106)
∑
k∈piZ
L
exp[ik(x+ x′)] = 2L[δ(x+ x′) + δ(x+ x′ − 2L)] , (107)
where x, x′ ∈ [0, L].
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B Extension to Setion 2
In this appendix we present further details for Setion 2.
The antiommutators of the b(k) an be obtained in the following way: we dene a
salar produt on the lassial omplex valued solutions of the equations of motion:
〈ψ1, ψ2, a2|φ1, φ2, b2〉 =
∫ L
0
[ψ∗1φ1 + ψ
∗
2φ2]dx+ 2La
∗
2b2 . (108)
This produt should be alulated at a xed time. Using the equations of motion it an
be shown that the produt is independent of this time.
The essential properties of this salar produt are that it is dened by a loal expression
and that the n(k) are orthogonal with respet to it:
〈n(k1)|n(k2)〉 = δk1−k2,0(2L+
sin(2k1L)
k1
) . (109)
The reation/annihilation operators an be expressed in the following way:
〈n(k)|(Ψ1,Ψ2, A2)〉 = b(k)〈n(k)|n(k)〉 (110)
Using the formula (108) and the antiommutation relations (6)-(9) we get
{b(k1), b(k2)} = δk1+k2,0
4Lk1
2Lk1 + sin(2Lk1)
. (111)
We remark that the above salar produt tehnique is also suitable for free elds on the
half-line or in the usual full Minkowski spae without boundaries in arbitrary spaetime
dimensions.
The nonzero matrix elements of the elds are
〈P |(Ψ1(x, t),Ψ2(x, t), A2(t))|Q〉√|〈P |P 〉〈Q|Q〉| = n(k)(−1)m
√
f(k) (112)
〈Q|(Ψ1(x, t),Ψ2(x, t), A2(t))|P 〉√
|〈P |P 〉〈Q|Q〉| = n(−k)(−1)
m
√
f(k) , (113)
where |Q〉 = b(k1)b(k2) . . . b(kn)|0h〉, |P 〉 = b(k1) . . . b(km)b(k)b(km+1) . . . b(kn)|0h〉,
f(k) =
4Lk
2Lk + sin(2Lk)
, (114)
〈Q|Q〉 =
n∏
i=1
f(ki) . (115)
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The Hamiltonian operator an be written as
H =
∑
k∈S, k>0
k
f(k)
b(k)b(−k) . (116)
The following formula an be written for |0h〉:
N |0h〉 = lim
α→∞
e−αH |v〉 =
∏
k∈S, k>0
(
1− 1
f(k)
b(k)b(−k)
)
|v〉 , (117)
where N is a normalization fator. The seond equation on the right-hand side an be
veried diretly using the following formulae: [b(k1)b(−k1), b(k2)b(−k2)] = 0 if k1 6= k2
(and k1, k2 > 0), and (b(k)b(−k))n = f(k)n−1b(k)b(−k).
We remark that we have not given a mathematially ompletely rigorous proof that
(43) satises (6)-(9), but we think that this would be possible.
The expansion (43) and (6)-(9) imply that the following formulae hold:∑
k∈S
f(k)ψ1(k)(x, 0)ψ1(−k)(y, 0) = 4Lδ(x− y) (118)
∑
k∈S
f(k)ψ2(k)(x, 0)ψ2(−k)(y, 0) = 4Lδ(x− y) (119)
∑
k∈S
f(k)ψ1(k)(x, 0)ψ2(−k)(y, 0) = −4L[δ(x+ y) + δ(x+ y − 2L)] (120)
∑
k∈S
f(k)a2(k)(0)ψ1(−k)(x, 0) = 0 (121)
∑
k∈S
f(k)a2(k)(0)ψ2(−k)(x, 0) = 0 (122)
∑
k∈S
f(k)a2(k)(0)a2(−k)(0) = 2 . (123)
These formulae are generalizations of (106), (107).
Using the formulae
a(k) =
1
2
√
2L
[
∫ L
0
eikxΨ1(x, 0) dx−
∫ L
0
e−ikxΨ2(x, 0) dx] (124)
A1 =
1
2L
[
∫ L
0
Ψ1(x, 0) dx−
∫ L
0
Ψ2(x, 0) dx] (125)
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and (43) we obtain the following relations:
a(k) =
−1√
2L
∑
k′∈S
b(k′)
sin[(k − k′)L]
k − k′ (126)
A1 =
−1
L
∑
k′∈S
b(k′)
sin[k′L]
k′
(127)
A2(0) =
∑
k∈S
b(k)
−i sin(kL)
4Lh
= −i
∑
k∈S
b(k)
sin(kL)√
kL tan(kL)
. (128)
Using (110) we get the relation
b(k)
(
2L+
sin(2kL)
k
)
=
√
2
∑
k′∈ pi
L
Z
a(k′)
−2 sin[(k′ − k)L]
k′ − k
+
i sin(kL)
2h
A2(0) . (129)
(126)-(129) an be regarded as Bogoliubov transformation formulae for this model.
In the h→ 0 limit
b(k(n, h)) → −
√
2a(k(n, 0)) n ≥ 1 (130)
b(k(0, h)) + b(k(0, h))† → −A1 (131)
i(b(k(0, h))† − b(k(0, h))) → A2(0) (132)
|0h〉 → |v〉 . (133)
The following boundary onditions are satised:
〈E1|Ψ1(0, t) + Ψ2(0, t)|E2〉 = 0 〈E1|Ψ1(L, t) + Ψ2(L, t)|E2〉 = 0 (134)
and
lim
x→0
〈E1|Ψ1(x, t) + Ψ2(x, t)|E2〉 = 0 (135)
lim
x→L
〈E1|∂xΨ1(x, t)− ∂xΨ2(x, t)|E2〉
= 16Lh2〈E1|Ψ2(L, t)−Ψ1(L, t)|E2〉 (136)
lim
h→∞
lim
x→L
〈E1|Ψ1(x, t)−Ψ2(x, t)|E2〉 = 0 (137)
lim
h→∞
lim
x→L
〈E1|Ψ1(x, t) + Ψ2(x, t)|E2〉 6= 0 , (138)
where |E1〉 and |E2〉 are eigenstates of H . The boundary onditions (134) are the same
as those satised by the free elds. On the other hand, (135) and (136) are similar to the
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boundary onditions written down in [23, 27, 26℄. From the point of view of the boundary
onditions one an say that the perturbationHI indues a ow from the boundary ondition
limx→L〈E1|Ψ1(x, t) + Ψ2(x, t)|E2〉 = 0 to the boundary ondition limx→L〈E1|Ψ1(x, t) −
Ψ2(x, t)|E2〉 = 0 and the boundary ondition on the left-hand side remains onstant, whih
is in aordane with the literature (see e.g. [23℄). The boundary ondition 〈E1|Ψ1(L, t) +
Ψ2(L, t)|E2〉 = 0 is alled free spin boundary ondition in the literature (e.g. [23℄) and
〈E1|Ψ1(L, t)−Ψ2(L, t)|E2〉 = 0 is alled xed spin boundary ondition.
We remark that from (135) and (136) and the bulk equations of motion (∂t+∂x)Ψ1 = 0,
(∂t − ∂x)Ψ2 = 0 equation (38) an be reovered.
We dene the elds
Φ1(x, t) =
∑
k∈S
−b(k)eik(t−x) Φ2(x, t) =
∑
k∈S
b(k)eik(t+x) . (139)
They satisfy the following equations:
(Ψ1 −Ψ2)(L, t) = 1
16Lh2
∂x(Φ2 − Φ1)(L, t) (140)
A2(t) = − 1
8Lh
(Φ1 + Φ2)(L, t) (141)
H0 = − i
8L
∫ L
0
dx Φ1(x, 0)∂xΦ1(x, 0) +
i
8L
∫ L
0
dx Φ2(x, 0)∂xΦ2(x, 0) − 1
2
hHI . (142)
Note that the energies of the modes are not in πZ/L, so one annot onlude that the sum
of the rst two terms in (142) equals to H .
The above equations suggest how to desribe the model disussed in Setion 2 and in
this appendix as a perturbation of the h→∞ limiting model. This desription is disussed
Setion 3. The boundary onditions in this ase are
〈E1|Φ1(0, t) + Φ2(0, t)|E2〉 = 0 〈E1|Φ1(L, t)− Φ2(L, t)|E2〉 = 0 (143)
and
lim
x→0
〈E1|Φ1(x, t) + Φ2(x, t)|E2〉 = 0 (144)
lim
x→L
〈E1|∂xΦ1(x, t)− ∂xΦ2(x, t)|E2〉
=
1
16Lg
〈E1|Φ1(L, t)− Φ2(L, t)|E2〉 (145)
lim
g→∞
lim
x→L
〈E1|Φ1(x, t) + Φ2(x, t)|E2〉 = 0 (146)
lim
g→∞
lim
x→L
〈E1|Φ1(x, t)− Φ2(x, t)|E2〉 6= 0 , (147)
where |E1〉 and |E2〉 are eigenstates of H .
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C Bethe-Yang equations
The Bethe-Yang equations an be used to give a desription of the spetrum of models in
nite volume whih have fatorized sattering in their innite volume limit. The Bethe-
Yang equations for relativisti models dened on a ylinder are exposed, for example, in
[34, 35, 36℄; for models dened on the strip they are written down in [37, 38℄. It should be
noted that the Bethe-Yang equations usually give approximate result only.
In the ase of the model that we study the ingredients of the Bethe-Yang desription are
the following: there is a single massless partile with fermioni statistis, the two-partile
S-matrix is a onstant salar S(k) = −1, where k is the relative momentum. The reetion
matrix on the left-hand side an be read from (135), it is RL(k) = −1; the reetion matrix
on the right-hand side an be read from (136), it is
RR(k) =
16Lh2 + ik
16Lh2 − ik . (148)
The transfer matries for N-partile states are salars:
Ti(k1, k2, . . . , kN) = RL(ki)RR(ki)
∏
j, j 6=k
S(ki + kj)
∏
j, j 6=k
S(ki − kj) = −RR(ki) ,
i = 1 . . . N , (149)
where k1 > k2 > . . . kN 6= 0. This very simple form is the onsequene of the simpliity of
the S-matrix. The Bethe-Yang equations for the momenta k1, k2, . . . kN of the N-partile
states take the form
e2ikiLTi(k1, k2, . . . , kN) = e
2ikiL
iki + 16Lh
2
iki − 16Lh2 = 1 , i = 1 . . .N . (150)
The total energy of an N-partile state in the Bethe-Yang framework is E =
∑N
i=1 ki. (150)
an be rewritten as kiL tan(kiL) = 16L
2h2, i = 1 . . .N , whih has the same form as (38).
This means that the Bethe-Yang desription reprodues the result of Setion 2.2 for the
spetrum exatly.
The reverse model is similar, one an read from (144) and (145) that
RL(k) = −1 , RR(k) = 1− ik16Lg
1 + ik16Lg
, (151)
and the Bethe-Yang equations for the momenta an be written as
kiL tan(kiL) =
−1
16g
, i = 1 . . . N , (152)
whih has the same form as (62), i.e. the result of Setion 3 for the spetrum is reprodued
exatly.
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D Power series expansion of the energy levels
The eigenvetors of H0 suitable for Rayleigh-Shrödinger perturbation theory are those
introdued in (21). Degenerate perturbation theory has to be used.
The nonzero matrix elements of HI in Setion 2.2 are the following:
−〈Qv|HI |Qv〉 = 〈Qu|HI |Qu〉 = 2 (153)
〈Qu|HI |Pv〉 = 〈Pv|HI|Qu〉 = 2
√
2(−1)n+m(−1)kL/π (154)
〈Qv|HI |Pu〉 = 〈Pu|HI|Qv〉 = −2
√
2(−1)n+m(−1)kL/π , (155)
where P = a(k1)a(k2) . . . a(km)a(k)a(km+1) . . . a(kn), Q = a(k1)a(k2) . . . a(kn).
We remark that ertain perturbative alulations were also done in [39℄.
The eigenvalue of the state starting from a(N1π
L
)a(N2π
L
) . . . a(Nrπ
L
)|w〉 at h = 0 is
E{N1,N2,...,Nr,w}(h) =
(N1 +N2 + · · ·+Nr)π
L
+ 2ǫh
+
(
16L
π
(
1
N1
+
1
N2
+ · · ·+ 1
Nr
)
−
nm∑
n=1
8L
nπ
)
h2 − ǫ
nm∑
n=1
32L2
n2π2
h3 + . . . , (156)
where w stands for v or u, ǫ = −1 if w = v, ǫ = 1 if w = u. nm = nc in the MT sheme
(nc is the trunation parameter introdued in Setion 4.1), nm = nc− (N1+N2+ · · ·+Nr)
in the TCSA sheme (nc is the onformal trunation parameter), and nm = ∞ in the
non-trunated ase.
In the non-trunated ase the oeient of h2 is ultraviolet divergent and should be
regularized. The TCSA and the mode trunation both provide a regularization.
We remark that the above formulae show that the trunated energy gaps onverge to
the non-trunated energy gaps as 1/nc.
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